1-E

Complex Numbers: Multiplication

Precalculus



Multiplication

z,oz,=(x, +iy,) (x,+iy,) =
:xlxz-l—i(x1y2+x2y1)+i2y1y2:

— <X1X2 T y1y2> + i (lez + Xzyl)

Definition:

The product of two complex numbers

Z, =X, 1Yy, Z,=X,t1ly,

1s given by
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Multiplication: Exercise 1

Exercise 1:

Determine the following expressions:

a) (1+5i)-(1-2i)

b) (—3+6i)-(1—%)

C) (4+12i)-(—3+;;

E—|—3i

: 1 .
d) (2+41)-(——1)- >

2

e) (3+2i) (—1+3i)-(4—i)
£y (1=20)-(1+3i)-(=2+1i) (=3 +21i)

g) (1—-2i*+1i)-(1+3i—1i’
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Multiplication: Solution 1

a) (145i)-(1-2i) = 11 + 3i
b)tﬂ+6ﬂ«1—é):—1+ﬁ

c)(4+ﬂﬂ«—3+% = —18 — 34i

(1 o\ (3L, ) _ 15 ...
d) (2+41)-(§—1)- E-I—Sl) == + 15i

e) (3+2i)-(-1+3i)-(4—1i) =—29+37i
Y (1—2i)-(L+3i)-(=2+i)-(=3+2i) = 35— 45]

g) (1-2i+1i)-(1+3i—i% = -1+ 13i
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Multiplication: Exercises 2,3

Exercise 2:

Determine using the following numbers
a) z,=1+2i, z,=3—2i, z, =4 — 3i

b) z,=5+1, z,=—2+4i, zZ, =21

the terms given below

Exercise 3: Determine the product Z-z
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Multiplication: Solutions 2,3

Solution 2a:

*

z,°2,=7+ 4i, 3z,z,=—-3+24i, 2z,2,=—2—-16i
2_ . * * . 2_ .
zi=—3+4i, 2,2,2,=20— 351, z, =5 —12i

2,2, + 2,2, =—4, (z,z,) =6+ 17i, z,z,+2z,=3+ 11i

Solution 2b:

z,2,=—14 +18i, 32z,2,=-18—66i, 27,2, =12+ 44i

z7 =24+ 101, 2,°2,2, =44 + 121, z;, = —12 — 161

Iyt 2z, =4, (z,z,) =—-8+4i, z,2,+2,=—6—24i

Z 2 1 3

Solution 3:

K

2oz =(x+iy)-(x—iy)=x*+y*’=|z) =

Vz -z =|z|=Vx*+ y°

Precalculus



4-1

Multiplication: Exercise 4

Determine the following expressions:
a) (1+2i)%, (2+4i)?
b) (1-3i)*, (3-—19i)°
c) (2+1i)3, (4 +2i)°
d) (1—-2i)%-(1+2i)%, (1-2i)%-(1+2i)°
e) (1+3i)%2-(1-3i)%, (1+3i)*-(1-3i)?

fy 1—10)°-(1+3i)°, (2—-2i)°*-
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Multiplication: Solutions 4a-e

a) (1+2i)?=12+22i+i)’=1+4i+4i*=-3+ 4i

(2+4i)°=2%(1+2i)?=4(-3+4i)=-12 + 161

b) (1-3i)2=-8—-6i=-2(4+ 3i)
(3 —-9i)=-72 —-54i =—18 (4 + 3i)
c) (2+i)>=2+11i

(4 +2i)°=2°(2+i)°=8(2+ 11i) =16 + 88i

d)y (1-2i)%-(1+20)*>=((1—=2i)-(1+2i))]°=5%=25
(1-2)%-(1+2i)°=(1—-2i)*-(1+2i)*-(1+2i)=

=25(1+42i)=25+50i

e) (1+3i)%2-(1—=3i)2=[(1+43i)-(1-3i))°=10%=100

(1+31)%-(1-3i)°=(1+3i)?-(1-3i)%-(1—-3i) =

100 (1 — 3i) = 100 — 300
4-2
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Multiplication: Solutions 4 f-h

fy 1—-i)?- (1+3i)2=12+16i =4 (3 + 4i)

(2 —2i)%-

o o=

=(1-1)%-(1+3i)°=4 (3 + 4i)

-
2

.\ 2 )
+£;):22u_”2<1+&>

g) (1+5i)?-(1+i)>=28-68i=4(7—-171i)
(1+5i)°-(1+i)°=4(7—-17i)- (1 + 5i) =

=368 + 72i = 8 (46 + 91i)

b et (1o 1) = a2 0

= 4(2+1i)%-(2—-1)° =100

(8 + 4i)2-(1-— 5)3 = (8 + 4i)2-(1-—-i)2(1-— é) =

= 100 1—5)2100—501'
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Multiplication: Exercises 5,6

Exercise 5: Calculate the first /2 powers of .

Exercise 6: Prove the following identity of
complex numbers:

3k

*
1 V4

sk
(Z1'Z2) = Z 2
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Multiplication: Solutions 5,6

Solution b5:

it=i, i*=-1, i=-i, i*=1, i>=i, i®=-1,
l-1+4n =i, i2+4l’l — 1, l-3+4n — i, l-4+4n —

Solution 6:

Z: ZZZ(Xl—iy1)°( Z—iyz):<X1X2—y1y2)—l(X1y2+X2y1)
= (z,-2,) =2,z
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