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Unbestimmtes Integral: Aufgaben

1. Unbestimmtes Integral: Aufgaben
1.1. Grund- oder Stammintegrale (Tabelle 1)

xn+1
fx”dx: +C (n#-1), f—=ln|x|+C
n+1
ax
fexdx:ex+C, faxdx=—+C
Ina
fsinxdx = —cosx+C, fcosxdx =sinx+C
d d
f al = tanx + C, f al = —cotx+C
cos? x sin® x
fsmhxdx—coshx+C fcoshxdx:sinhx+C
d d
f xz = tanhx + C, f x2 = —cothx+C
cosh” x sinh” x
d 1
f al :—arctanf+C (a#0)
a2+x2  a a
d 1 +
f s = e C o @# 0, lal # la)
a 2a a—x
xdx 1 2 9
fm = i§1n|a + X |+C
f\/ﬁ = arcsin2+C (a>0)
X
— =1 Va? £ a? 0
fm n’x+ xX*ta ’+C (a > 0)
X A2y 2
——— ==+ Va*+x*+C (a>0)
f\/azixz
2
f\/az—xzdx IV -2+ L oaresin T4 C (a>0)
2 2 a
2
f\/xziazdx = g xX2+ta’ + % ln’x+ \/xziaz’ (a>0)
1.2. Unbestimmte Integrale (Tabelle 2)
. 1 1 .
sin(ax) dx = —— cos(ax) + C, cos(ax)dx = — sin(ax) + C (a#0)
a a



Einige Regeln

2. Einige Regeln
2.1. Binomische Formeln

Binome zweiten Grades
(a+b)* = a* + 2ab + b*
(a—b)? = a* = 2ab + b*
(a+b)(a—-b)=ad> - b*

Binome hoheren Grades
(a+b)’ =a’ +3d®b + 3ab* + b
(a - b)3 =a’ —3a’h+3ab> - b
a’ - b = (a-b)(@ +ab+b?)

@ +b=(@a+b)(a*-ab+b>

2.2. Rechenregeln mit Potenzen

a _ .
an .am = an+m’ — al’l m’ (an)m = an m
am
n n
a a
a"-b" = (a - b)", _:(_)
bn b
_ 1 1
a =1, a=—, at= —
a” a™m

2.3. Rechenregeln mit Logarithmen
log, (x-y) = log,x + log,y
X
loga (;) = logax - logay
log, (x") = rlog, x

1
log, Pl —log, x



Einige Regeln

2.4. Trigonometrische Formeln

2 2

sin“a@ +cos“a =1 (1)
sin (—@) = —sin «a, cos (—a) = cos a )
sin @ = cos (g - a), cos @ = sin (g - a) 3)
sin @ =sin(r —a), cosa=—cos(mT—a) 4)
sin(2a) = 2sinacosa, cos(2a) = cos® @ — sin® @ 5)
sin (@ £ 8) = sin @ cos 8 + cos a sin S, (6)
cos (@ = 8) = cos acos B F sin asin 8 (7)
1
sin @ sin B = 3 [cos (@ — B) — cos (@ + B)], 8)
1
cos @ cos B = 3 [cos (@ — B) + cos (a + B)] 9)
. 1 . .
sin a cos B = 3 [sin (@ — B) + sin (a + B)] (10)
sin azi(l—cos 2a), cos a=5(1+cos 2a0) (11D
.3 1 . . 3 1
sin” @ = 1 (3 sina —sin(3a)), cos’ a= 1 (cos(3a) + 3 cosa) (12)



Einige Regeln

2.5. Integration von Potenzfunktionen

Al
Beispiel:
4 1 1 B ~ 3 1
I:f( s ;)dx — f(5x1/4+x4/3_x2)dx:4x5/4_m_;+c
4 3 1
= 4x‘/_—$—;+€
a) 11=f<2x—3)dx, Iz:f<4x2—2x—3>dx, I3=f(x2—3x)'(2x—l)dx
6 4 6 10
by I = f(3x +2x—x—)dx IZZI(F-’_F_F)
o L1 = (\/_+—)dx Izzf(\/}+ Vx + \S/E)dx, 13=fx(5\/}—7\3/)_c)
1 6 20
e [
. TR
1 3
e) I = ( x\/_+2) dx, Izzf(4\4/)_c 2\/}) dx
N L= (\/X\/_ ) 12:f\3/x2 Vxdx
A2

a) I = f(x3 + 1% dx, L= f(xz— 13 dx, L= fx(x4+ 1)* dx

3 -1 21 2 2 - 4
b) 11=f&dx, 12=fx(x )+ o o [E3xE4

X x+1 Vx
(=17 _((Wx+2)? _f x—1
c) Il_f N dx, Iz_f—\/)_c dx, Iz = irl

2.6. Elementarintegrale

a) L1 = f(ex—Z sin x) dx, L= f(2x+ \/I] dx
X
by 1 f(cosx+ 3 )dx I f(sinx _o )dx
1 = —_—_——— 5 2 = —_
V4 — 4x2 V9 —9x2

1 X2 +2
——=-3"dx, L= [[107"+ d
f(\/2—2x2 ) ! 2 f( 1+x2) *

A3

C) 11=




Einige Regeln

A4
Beispiel:
x? -3 1 2-3 1 (x*-1-2 1
I = dx = — dx = = = = d 2
fmtzx 2fﬂ—1x 2) 21 2fo fﬁ—J
X 1 1+x
= - — _1
fdx+f1_x2 2+2n’1_x+C
2 2 2
2
11=fx—dx, Iz=f a dx, I3=fx+ dx
2(1 + x2) x2 =1 x2 -1
A5
Beispiel:

5 5 1 5 1 5 dx 5 V2 x
N [ S [ S B o1
2x2 +17 2J x2+1 2 2 2J 2+a® 14 V7

dx 1 ) x+C 7
———— = — arctan — ; a = /=
X2 +a? a a 2

dx dx 3
h=|—, bL=|-—"0 L= d
: fﬂ+4 g fﬂ+3 : j;ﬂ+3x




Einige Regeln

2.7. Integration durch Substitution

ff(g () g () dx = ff(u)du, u=g(x), du=g (x)dx (13)

Das Integral eines Produktes ldsst sich immer dann berechnen, wenn ein Faktor f(g(x)) eine Funktion
einer inneren Funktion und der andere Faktor die Ableitung g’(x) der inneren Funktion ist, sofern
fiir die Funktion f unter Beachtung der Substitution u = g(x) das Integral f f(u) du gelost werden

kann.
A6
Beispiel 1:
d 1
I = f(2x+3)5dx, w=2x+3, =2 dx=—du
dx 2
I = f(z +3)%d —1f5d L oo Larspec
= X x=5 |wdu=3— =1 @
Beispiel 2:
d d
I = fx2(6—x3)4dx, u:6—x3, —u:—3x2, xzdxz——u
dx 3
I = fx2(6—x3)4dx:—l fu4du=——u—5+C———(6—x3)5+C
3 35 15

a) Ilzf(2+x)3dx, Izzf(1+3x)4dx, Ing(4—2x)5dx
by I :fx(x2+1)2dx, 12=fx(2x2—3)3dx, 13:f2x(3—x2)6dx

c) I = f 3x2 (1 + )% dx, b= f 5% (7 — xH* dx, I = f © (5-2x%3dx

A7
Beispiel:
I = f(6x—9)(x2—3x+11)2dx, u=x>—-3x+11, %:n-s, (2x —3)dx = du
I = f(6x—9)(x2—3x+11)2dx:3fu2du:u3+C:(x2—3x+11)3+C



Einige Regeln

Ilzf(x—l)(x2—2x+l)dx
I = f(3x2 +2)(2x° +4x—T)dx

2 2
13:fx(2x2—x+1)(x4—§x3+x2—12) dx

Iy = fxz 2 - D% = +9)% dx

A8
Beispiel:
X 1 X 1 x—3+3 1 3 dx
I = dx = = dx = = —dx = = dx + = =
f2x—6x 2fx—3x 2f x—3 & 2fx 2fx—3
3
- g+§1n|x—3|+C
dx dx X
I = L= | —/ I =
! f2+x’ 2 fx—3’ 3 fx+4dx
A9
Beispiel:
-4d d 1 1
; = ([ XOx=Hdx _ fdu 1 L C
Bx3 = 2x2 +7)5 ud 4yt 43x3=2x2+7)
d d
u o= 30 -2 +7, £:9x2—4x=x(9x—4), dx=x(Tu_4)
(x+1dx (Bx—-2)dx x(2x% —3)dx
a) h=| 55— L= , L= —F—5—3
(x2 4+ 2x-=3)2 (Bx2 —4x-11)3 (4 =3x2 +12)4
Al10
Beispiel:
1 1
I = f(4—x2) \/312x—x3dx:gfumdu:ZX(lZ—xz) V312x—x3
d d
o= 2x-x, Lo12-32=304-2Y), di=——0
dx 34— 2)

a) I1=f\/x—2dx, Izzf\/3x—6dx, 13:f\/32x+7

b) Ilzf\3/(4—3x)2dx, Izzfx\/x2+3dx, I3=f(6x2—4)\/4x3—2x+11dx,



Einige Regeln

All
Beispiel 1:
I = fe7_3xdx=—% fe“du =—=e"+C
d
u = 7-3x =23, di=--du
dx
Beispiel 2:
dx 1 dx 1 du 1 1 1
I = = = —_— = = _ = = —_— du =
4e* -2 2 2 —1 2 u(m+1) 2 u u+l
1 d d 1 d d 1 1
= 5( f_ufl) =5 (f;u—f%) =3 (Iny-Inv)+C; = 3 (Inu —In(u + 1)) + C4
1 X X 1 X 1 X
= 5 (InRe*-1)-In(2e*))+ Cy = 3 In2e* - 1) — E(ln2+ln(e N+C =
= 11n(2x 1) ! +Cy,Cy = 11n2+C
= 5 e 2x 2,2 = 5 1
u=2e -1, Mooy, dx= -
dx u+1
v=u+1, dv=du
a) I = f > dx, L= f 2 dx, Iy = f " dx  (m, n % 0)
by I = fxexz dx, I = fxz 82x3 dx, L= f(x+ l)ex2+2x—3 dx
W f dx I f dx I f e“dx
C = = - —
: e — 1’ 2 2e =3’ 3 3¢5 +5
Al12
n /2
a) I = fsin (2x) cos xdx, L = fsin (3x) cos xdx
0 0
n/4 /3
by I = fsin (2x) sin xdx, b = fsin(4x) sin (2x) dx
0 0
n/4 /6
c) I = fcos (2x) cos xdx, I, = fcos (4x) cos (2x) dx
0 0
Al3

1, = fsinz(ax)dx,

I, = fcosz(ax)dx



Einige Regeln

Al4
Beispiel:
sin(4x) 1 sin(4x) 1 sin(dx) [ 1 du
1= | o =g | e —dx= L) _du
12 + 8 cos(4x) 4 3+ 2cos(4x) 4 u 8/ sin(4x)
1 d 1 1
= -5 7” =~ 33 Inlul+ C = = = In[3 + 2cos(@)| + C.
d 1 d
U = 3+2cos(4x), ﬁ = -2-sin(4x) -4 = -8sin4v),  dx =2 sz)
@ I = f cos.x dx. b= f sin x dx. L= f COS)'C dx
1+sinx 1+ cosx 3+ 2sinx
sin x sin(2x) f cos(3x)
by I = | ——dx, L= | ————dx, L= | ————d
) f7—3cosx o 2 f1+cos(2x) * 3 4 + 2sin(3x) *
Al5
Beispiel 1:
d 4 1
I = j‘sinS)ccosxa’x=fu3 coS X 4 fu3du: M—+C: —sin*x+C
COS X 4 4
. du du
u = sinx, — =cosx, dx=
dx CcoSs X
Beispiel 2:
I = f cos6(2x) sin(4x)dx =2 f cos6(2x) sin(2x) cos(2x)dx =2 f cos7(2x) sin(2x) dx =
-2 fu7 sin(2x) [——3% ——fu7clu——”—g+c——l cos3(2x) + C
- 2 sin2x)] 8 T8
d d
U = cos(2x), d—)"c - _2sinx), dx=- Wb(tzx)
a) I = f sin® x cos xdx, L= f cos’ x sin x dx, I; = fsin7x cosxdx
b) I = f sin® x sin(2x) dx, L= f cos’ x sin(2x) dx, Iz = f sin®(2x) sin(4x) dx
Hinweis: sin(2x) = 2 sinx cos x
Al6



Einige Regeln

Beispiel:
CoS X sin x)’ CoS X du du
I = f—de: (—)zdx:f 5 =f 2=arcta1nu+C:
1 +sin” x 1 +sin” x 1+u?* cosx 1+u
= arctan (sin x) + C,
. u du
u = sinx, — =cosx, dx=
dx CcoS X
Grundintegral: f 5 = arctanx + C
_— 1+x

sin x CoS X 3 sinx
a) I = | ———dx, L= | ——dx, L= | ——  dx
) A f1+coszx 2 f4+sin2x 3 f6+2coszx

in(2 2 in(3
b ,Ffﬂdx, ,FIMU,X, 13=fde
1 + cos? (2x) 4 + sin® (2x) 2 + 5cos? (3x)
Al7
Beispiel:
1-1 1
I:fdx _ 5 uduzzf(u+ )duz2f1— du =
1+ +/x 1+u 1+u 1+u
dv
= 2 du — — | =2w—-Inp)+ C=2w—-In|l+ul) + C =
V
= 2Vx-2In|l+ Vx| +C
d 1 1
u = VX, d—z=§x—”2:2w_€, dx =2 Vxdu=2udu
v = 1+u, dv=du
dx dx dx
a) I = _— L = S I = - =
24+ Vx+1 4+ Vx-=-3 1+ V3x-2
d d d
by I = \/Ex’ I = M 13:fx\/)_cx
x+4 X+ a? x+9
A18
1 vV 1 V2
a) 11=f€/)_c+ dx, L= 3x+ dx, I; = #dx
Vx Vx+1 V2x+5
4 2-3 d d
pone [P gl [ [
Vx+2 xVx+1 xV2x-3
A19

Ilzfx-\/x+2dx, Izzfx-\/x+5dx, 13:fx2-\/2x—5dx.

10



Einige Regeln

2.8. Partielle Integration

A20

Beispiel 1:

Beispiel 2:

Beispiel 2:

b)y I

o I

d) I

A21

fuv’dx:uv—fu'vdx (14)

1
g)

=

5

><

Ny

=

Il

[

5

.

|
I
Y

IS

=

Il
| M,
/:\

5

=

|
| =
N —

+

o

Il
5
=
:\
Il
==
<\
Il
=
<
Il
=
U
=
Il
=
(3]

fan xdx:xlnzx—Zflnxdx:xlnzx—lenx+2x+C

flnxdx=x(lnx— )+ C

2
In®x, u'=7=1ngx, V=1 v=x
X

2 2 2 2
f\/zlnxdngxyzlnx—gfxl/zdx:§x3/2 (lnx——)+C:

3

2 2
§x\/}(lnx—§)+c

1 2
Inx, u =-, v = x, v=f\/}dx:fxl/2dx:§x3/2

= f In® xdx, L= f In* dx, L= f In® dx
=fx2 In xdx, Izzfx3 In xdx, Iz =fx ln(xz)dx

:f(x+1)lnxdx, Izzf(x+1)2 In xdx, 13:fxln(x+l)

=f\/§ln(\/§)dx, Izzf%lnxdx, I3=f\5/;lnxdx

1 1 1
A LR ,Ffﬂdx, ,Ffﬂdx
X

x2 x3

11



Einige Regeln

A22
Beispiel 1:
I = fxexdx=xex—fexdx=(x—l)ex+C,
u = x, u =1, Vv = e, v=fexdx=ex
Ilzf 2 e dx, Izzfx3exdx, 13:f 4 e¥ dx
A23

a) I =fx sin x dx, Izzfx cos xdx, I3 =fx sin (2x) dx, I4=fx cos (2x) dx

by I = fxz sin x dx, I, = fo cos xdx, I; = fo cos(2x) dx, Iy = fxz sin (3x) dx

10



Anwendungen der Integralrechnung

3. Anwendungen der Integralrechnung
3.1. Fliachen zwischen Kurven: Aufgaben
3.1.1. Eingeschlossene Flichen

Berechnen Sie die von den Kurven f(x) und g(x) eingeschlossene Flidche
A24 f(x)=x>-2, gx)=2
A25 f(x)=2x-x% gx)=-3

A26 f(x)=x>-2x, gx)=x

3.1.2. Flichen zwischen Kurven in einem Intervall

‘Welche Fliache schlieflen die Kurven im Intervall /
A27 f()=x*-2, gx) =2, I=[-2,3]
A28 f(x)=x>-2x, gx)=x, I=[-1,3]

A29 f(x)=x>-2x, gx)=x+1, I=[-1,2]

1R



Unbestimmtes Integral: Ldsungen

4. Unbestimmtes Integral: Losungen

4.1. Integration von Potenzfunktionen

L1

b)

c)

d)

)

4
I :f(2x—3)dx = x*-3x+C, Izzf(4x2—2x—3)dx = §x3—x2—3x+c

1 7 3
I3-f(x —3x)-2x—1)dx = 3% §x3+§x2+C

|
( x+—)dx:f( 1/2+x_1/2)dx— V(3 +x) +C,
(

2 2
Vx+ x+ x) dx = 3x3/2+§x4/3+§x6/5+C = §x\/}+§x{/}+§x\5/)_c+C,

(5( 7\/‘) =202 -3P+C =22 Vx-3V0)+C

X X

-+ )dx—Z\/_ 9?3 +25x* + C

|
=%
|
|

3 2 3 ; 2
—+x\/}+2) dx = §x2/3 + §x5/2 +2x+C = 5\3/;+ §x2\/}+ 2x+C,

—7x2\/)_c) dx = % —2x"2 + c = P - 253 Vx + C

2 4 4
11=f(\/x —W)dx = f(x3/4—2x_1/2)dx = §x~x3/4—4\/_ = §XV4X3—4\/;
3 6 5/6 6 6
L= xZ\/}dx=Hx-x =Hx\/x5

14



Unbestimmtes Integral: Ldsungen

L2

3

1 1
a) 11=f(x3+1)2dx —x7+§x4+x+C,

1 3
Izzf(x2—1)3dx = —x7—§x5+x3—x+C,

3

1 1 1
Ingx(x4+l)2dx = Ex10+§x6+§x2

3 -1 1
b) Ilzf&d;m ¥ +3r—Inx+C,

X
Izzfx(X2;i)§x+2)dx: fx(x—l)(x+2) = ‘—llx4+%x3—x2+c,
I3 = HT;Cde=§\/J_C(20—5x+x2)+C,
o) Ilzf(x:/zlﬁ dx = % VE (=35 +35x — 2122 + 5% + C,
IZ:dex = §x3/2+4x+8\/}+c = %x\/}+4x+8\/}+C,

-1 2
13:f\)/;+1dx:f(\/}—l)dx:§x3/2—x+C

4.2, Elementarintegrale

L3

a) I = f(ex—2 sinx)dx = e* +2 cosx+ C,

1 2*
12:f2x+\/j dx = — +2vYx+C
X In2

3 3 3
b) I :f(cosx+—) dx = f(cosx+—) dx = sinx + = arcsinx + C,
V4 — 452 2V1 - 22 2
L e R
h = sinx — ———| dx = sinx — ———|dx = —cosx— — arcsinx
9 —9x2 3Vl —x2 3
1 1 3=
c) Ilzf(——?a_x) dx = — arcsinx + + C,
2 —2x2 V2 In3
o x2+2 107
Iz=f(10x+1+x2)dx=—ln(10) + x + arctanx + C

15



Unbestimmtes Integral: Ldsungen

L4

L5

-
-
b-

2
I3=f 3dx zﬁarctan il + C
4x2+3 2 V3

16

2 2
X 1 x+1-1 X 1
—dx=- | ———dx == - —arctanx+C
20+ 2f 1+2 T 272 x
2 2
X x*=1+1 1 1+x
dx = | ———dx=x- 31 +C
x2 -1 o f x2 -1 TEXT T
2 2
x“+2 x-1+1)+2 3 1+x
dx = ——dx=x- =1
21" x2 -1 TEXT T
dx 1 X
Ilzfx2+4=§arctan(§)+C,
dx 1 X
12=f :—arctan(—)+C,
¥+3 3 V3




Unbestimmtes Integral: Ldsungen

L6

L7

Integration durch Substitution

Q2+ x)*
4

a) I =f(2+x)3dx=

+C, u=2+x,

1 5
Iz=f(1+3x)4dx=ﬂ+c, u=1+3x,

15
4 —2x)°
Ing(4—2x)5dx o @2

B C, u=4-2x

1 2 13
b) 11=fx(xz+1)2dX=§fu2du=%+C, W= +1,
Iz=fx(2x2—3)3dx, u=2x2-3,

I3=f2x(3—x2)6dx, u=3-x

c) I =f3x2(1+x3)2dx, u=1+x,
12=f5x3(7—x4)4dx, u=7-x"

L =fx5 (5 = 2x%)3 dx, u=>5-2x°

du
=301

1
I :f(x—l)(x2—2x+1)dx = Z(x2—2x+1)2 +C, u=x>*-2x+1,

1
12=f(3x2+2)(2x3+4x—7)dx = Z(2x3+4x—7)2 + C,

d
u=2x>+4x-1, dxz—u
2(3x2 +2)
2 4 2 3 5 ? 14 23 5 ’
L= x2x"—x+1)|x —gx +x° =12 dsz by —§x +x°-12] ,

B du
T 2x(2x2—x+1)

2
u:x4—§x3+x2—12, dx

1
14:fx2(2x3—1)(x6—x3+9)3dx = E(xé—x3+9)4,

3 du
32283 -1)

u=x6—x3+9, dx

17



Unbestimmtes Integral: Ldsungen

L8
d
Ilzf o mp+A+C
2+ x
d
Izzf Y px-3|+C
x-3
4-4 d
13=f al dx:f“—dx=fdx—4f—x:x—4ln|x+4I+C
x+4 x+4 x+4
L9
d 1
a I = Mz_—+c, u = x*+2x-3,
(x%2 4+ 2x=3)2 2(x2+2x-13)
3x-2)d 1
I = Gr-2)dx _ +C, w= 32 —4x—11,
G2 —4x—11) 462 —4x—11)2
x(2x% = 3)dx 1 4 2
I = = - + C, = X" =3x"+12
3 (A —3:2+ 12) 6 — 322 + 12)° =T
L10

2 2
a) I]:f‘Vx—de= §(x—2)3/2+C= §(x_2) Vx—-2+C, u=x-2,
2 I —
Izzfv3x—6dx:§(x—2) 3x—6+C, u:3x_6’

3 3
13:f\/32x+ :§(2x+7)4/3+C:§(2x+7)\/32x+7+C, u=2x+7

by 1

[uin

1
= f V@& =3x)2dx = SGx-4) VA-3x2+C,  u=4-3x,
1 1
Izzfox2+3dx = §(x2+3)3/2+C = §(x2+3) Va2 +3+C, u=x>+3,

I

8
f(6x2—4) Va3 —2x + 11dx = S =

8
g(x3—2x+11) VB —2x+11+C,  u=x-2x+11

1R



Unbestimmtes Integral: Ldsungen

L11

a)

b)

c)

e dx = %€2X+C, u=2x,

1
A Xdx = —— ¥+ C, u=73-2x,

3 1 3
e dx = gezx +C, u=2x,

1
I3=femx+”dx= Eemx+”+C, u=mx+n (m,n#0)

1
L= f(x +1) 23 gy = 5 eF 3 C, u=x>+2x-3

d
Il:fexfl = In|e* — 1] - In(¢") + C =

=Inle* -1 — x+C, In(e") = x, u=e" -1,

I_f dx _f du _lfl_l .
2= )23~ Juw+3 3J)\u u+3/ "

| 1
B R N PII Y PEY oo
u u+3 3

3
1 X 1 X 1 X 1 X
= §1n|26 -3 - §ln(2e)+C1 = §1n|2e -3 - §(1n2+1n(e )+Cp =
1 1 1 1 1
:§1n|2ex—3|—§x—§ln2+cl :§1n|2ex—3|—§x+C2,
du du du 1
= X _ _—= X = — = Xy = = — =
u=2e" -3, I 2¢*,  dx o TE 3 In(e") =x, Cr=C 3ln2,
eXdx 1 du 1 1
L= | ——— = = — ==1 +C = = In(Be*+5)+C,
3 f3ex+5 3) W 73w 3 InGer+3)
d d
u=73e"+3, £=3e", exdx:?u

10



Unbestimmtes Integral: Ldsungen

L12

g

a) I = fsin(2x) cos xdx

0

[sin (@ — B) + sin (a + B)] (Eq. (10), Seite 3)

N =

sin @ cos B =

(sin x + sin (3x))

1
sin (2x) cos x = 3

T

Ve
1
I = fsin (2x) cos xdx = 3 f(sin x+sin(3x))dx =
0

0
Fid

11 4
) [5 cos (3x) + cos x] =3

0
/2 n/2
1
L = fsin (3x) cos xdx = 7 f(sin (2x) + sin (4x))dx =
0 0
11 T
=-7 [5 cos (4x) + cos (2x)]0 =5

3

1
Variante 2 : sin” @ = 1 (3 sina — sin (3a)) (Eq. (12), Seite 3)

sin(3x) = 3sin x — 4 sin’ x,
/2 n/2
I = fsin(Sx) cos xdx = f(3 sin x — 4 sin’ X) cos xdx =
0 0
/2 /2
= 3fsinxcos xdx—4fsin3xcos xdx =
0 0
/2
1.2 2 4 _
—[ 2cosx sin x]o 3
n/4
by I = fsin(Zx) sin xdx =

0

2. n/4 1
1) =Z|[sin’x = —,
1l =3
1

1
2) = [3sinx-sin Gl = —

32

/3
. . 1 1 3
I, = | sin(4x) sin(2x)dx = 1 sin (2x) — 3 sin (6x) = '

0
0

20



Unbestimmtes Integral: Ldsungen

1
I, = f sin®(ax)dx = = — — sin(2ax) + C,
2  4da

L13

L14

L15
a)
b)

/4
1 1
c) I = fcos (2x) cos xdx = 3 [sin X+ 3 sin (3x)}
0
/6

L= f cos (4x) cos 2x)dx = % [sin 2x) + % sin (6x)}

0

1 +sinx

co
a) 11=f i dx=1In|l +sinx| + C, u=1+sinx,

sin x
12=f—dx:—ln|1+cosx|+C, u=1+cosx,

1+cosx

I

3+2sinx 2

sin x

I = fcosz(ax)dx =

N =

1
fﬂdx:—lnl3+25inx|+a u=3+2sinx

“|2,

+1
4a

1
b) 11=f—dx:—ln |7 —3cosx|+C, u=7-3cosx,
7—3cosx

3

in(2 |
Iz=fdez——ln|l+cos(2x)|+C, =1+ cos(2x),

1 + cos(2x) 2

sin(2ax) + C

3 1 1
L= IM dx= = In [2+5in(3x)] + €1 = 2 In b+ 2sin3x)] + o,

4 + 2 sin(3x) 6

In2
C, :c2+n?, i =2 + sin(3x)

. 1 . .
I = f sin® x cos xdx = 3 sin® x + C, u = sin x,

1
Izzfcos5x sinxdx:—g cos®x + C, U = COS X,
.7 1 . 8 .
I3 = | sin xcosxdng sin® x + C, u=sinx
.. 3 . . 4 2 . 5 .
I = | sin” x sin(2x)dx =2 | sin” x cosxdx = 3 sin” x + C, u = sin x,
5 o 6. o 2 7
L = cos” x sin(2x)dx =2 cos’ x sinxdx = ~3 cos' x + C, U = Cos X,
1
I = f sin®(2x) sin(4x)dx = 2 f sin?(2x) cos(2x) dx = o sin'®2x) + C,  u = sin(2x)
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Unbestimmtes Integral: Ldsungen

L16
a) I :fozdx = —arctan (cos x) + C, U = COS X,
1+ cos* x
CcoSs X 1 1
L= ——dx = — arctan | = sinx| + C, u = sinx,
2 f4+sin2x 2 (2 )
i 1
13:fﬂdx=—£ arctan | — cos x| + C, U = COSX,
6+ 2 cos? x 2 \3
in(2 1
by I = f %dx =-3 arctan (cos (2x)), u = cos(2x),
cos(2x) 1 (1 . ) .
L= | ———dx = - arctan | = sin(2x)| + C, u = sin (2x),
? f 4 + sin® (2x) 4 2
in(3 1 5
I3=f&dx = - arctan \/jcos(?)x) + C, u = cos (3x)
2 +5cos? (3x) 3 /10 2
L17
dx
a) Il—f = 2Vx+ —4ln|2+ Vx+1 |+C u= Vx+1,
24+ Vx+1
dx
I —f —2Vx—3—81n Vx—-3+4|+ C, u= Vx-3,
? 4+ Vx | |
d 2
13_f a 2o - —ln|1+\/3x—2’+C, u= 3x—2
1+ V3x-— B 3
d
by I = ;/i: = 2+x - 4arctan(\é_) + C, u = x,
Vxdx dx
b = , = du =
2 X+ a2 u=Vx, du= 2\/}
Vxdx f u? du w? +a* - a*)du »
I = :2 :2 :2 —
? X+ a? a® + u? a® + u? Hod
du
2
(fdu— fa2+u2) 2u—2a f—a2+u2
d
L= Vi )26 = 24x - 2aarctan(\/_) + C, u = Vx,
x+a a
x\xdx (x+9- 9)\/_ f Vxdx
Iy = = dx — 9 =
3 f x+9 T x+9 Vadx x+9

2
= gx x — 18 Vx + 54 arctan(?)

M



Unbestimmtes Integral: Ldsungen

L18
Vx+1 5 3
“ Il:f\/} dx = 20 4 2vx + C = 2% + 24X + G,
Vx 6 6
Vx+1 6 6
b= =dx =2+ +C= S DVarT+ 0 u= Varl,
Vx+1 7 7
V2x +5 2 2
I = 4 x—dx:—(ZX+5)5/4+C=—(2x+5)4v2x+5+C, u=2x+5
V2x+5 5 5
4x+2-3 24 9
b) Il:ff;dXZ —x+2) - @+ C =
Vx+2 7 2
24 9
=S+ Ver2 - S+ + 00 u= Vre2
1-1
e R
x Vx+1 Vx+1+1
dx 2 2x -3
I3=f— = —arctan( )+C, u= V2x-3
x V2x -3 V3 V3
L19

I =fx- Vx +2dx

12=f)C- Vx+5dx

13=fx2- V2x - 5dx

2

E(x+2)3/2(3x—4) + C,
2 32

E(x+5) Bx-10) + C,

1
= ﬁ(zx—sﬁ/z (3x* +6x+10) + C.

9)e]



Unbestimmtes Integral: Ldsungen

4.4. Partielle Integration
L20

a) I = fln3xdx = xIn®x-3xIn’x+6xlnx—6x+C =

= x(’x-31I°x+6lnx-6)+C

f In®xdx = x(In>x-2Inx+2)+C, aus dem Beispiel zur Aufgabe

b = fln4xdx = x(In*x -4’ x+ 12In> x = 24 1Inx + 24) + C,
u=In*x, V=1

I = flnsxdx = x(In’ x = 5 In* x + 20 In® x — 60 In? x + 120 Inx — 120) + C,

u=In> x, Vv =1

3
4
3 X , 3
12=fx Inxdx = =@ x-1)+C, u=Inx, v =x,
13=fxln(x2)dx:

2

) 11=f(x+l)lnxdx=flnxdx+fxlnxdx=xlnx(§+l)—%—x+€,

L = f(x+1)2 In xdx = f(x2+2x+1)ln xdx =

:flenxdx+2fxlnxdx+flnxdxz

2 3 2
:xlnx(%+x+l)—x——x——x+C,

1 ? x 3
I; = xIn(x+1) = (x+1) In(x+1) §(x+1)—1 _Z+§+Z+C

1 2 1 2
d) I :fﬁln(«/)‘c)dxz §x3/2(lnx—§)+C:gxx/}(lnx—g)+C
Izzf\%_clnxdx=§x4/3(lnx—§)+C=%x%(lnx—%)+€

5 5 5 5
13=f\5/;lnxdx:§x7/5(lnx—§)+C:§x\5/;(lnx—§)+c

24



Unbestimmtes Integral:

Losungen

|

Iz—fln—xdx

ln x + C,

——(ln x+1) + C,
X

1 1
Ig—fﬂdxz ——R2Inx+1)+C
42

L21
n= )5
L22
I = f
I =fx
I :fx4exdx:
L23

a) Ilzfx sinxdx =
Izzfxcosxdx =

I; = fx sin (2x) dx

Iy = fx cos (2x) dx

b) I :fx2 sinxdx =

I = fo cosxdx =

I = f x> cos(2x) dx

I = f x? sin (3x) dx

¥ e¥dx = eF (x2—2x+2) + C,

3e¥dx = &F (x3—3x2+6x—6) + C,

e (x4 4 4 12x% — 24x + 24) +C

sinx—x cosx + C,
cosx+ x sinx + C,
= Lsin@y- % cos@n+C
—4s1n X 2cos X |

1
= 1 cos (2x) + g sin(2x) + C

—x% cosx+2 cosx + 2xsinx + C,

x% sinx — 2 sinx + 2xcos x + C,

| |
= — sin(2x) (x2 - 5) + g cos (2x) + C,

[\

1 2\ 2
= 3 cos (3x) (—x2 + 5) + 5 xsin(3x) + C

75



Anwendungen der Integralrechnung

5. Anwendungen der Integralrechnung
5.1. Flichen zwischen Kurven: Losungen

Berechnen Sie die von den Kurven f(x) und g(x) eingeschlossene Fldche

L24

f=x"-2, gx)=2
fO=gx): x¥-2=2 o =4 > x=-2, =2,

2 2

32

A:f(Z—(x2—2))dx:2f(4—x2)dx:?z10.67
-2 0
Y
4
2
fix)=x -2
3
g(x)=2

2

[ [}

[ ] ]

] ]

] ]

[ ] L]

n L}

] L}

] 1

] ]

1 .

-5 -4 -3 -2 2 3 4

-3 |

Fig. 1: Die Fliche zwischen der Parabel f(x) = x*> — 2 und der Geraden g(x) = 2
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Anwendungen der Integralrechnung

L25

f(x) =2x- X2, g(x)=-3

f)=g(x): 2x-x¥=-3 © xX*-2x-3=0 = x=-1, x,=3,
3

32
A= f(Zx—x2+3)dx: 3 = 10.67
-1
Y
1]
r T T Q O T ¢ T T
-4 L3 L9 -1 0 1 13 4 5
1 i X
" !
] 1 |
L] B I
1] i
: A :
A L l
L] = r
[} |
[ ] |
] I
] i
=3
g(x)=-3
-4 | -
filx)=2x-x
_5_

Fig. 2: Die Fliche zwischen der Parabel f(x) = 2x — x> und der Geraden g(x) = -3
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Anwendungen der Integralrechnung

L26

f)=x*-2x, gx)=x

2

f(x)=gkx) : P-2x=x © x=3x=x(x-3)=0 = x1=0, x =23,

3

3
A= f(g(x) — f(x))dx = f(?)x— x*)dx = g =45
0

0

O ] ————

2
y=x -2Xx

Fig. 3: Die Fliche zwischen der Parabel f(x) = x> — 2x und der Geraden g(x) = x
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Anwendungen der Integralrechnung

L27

f(x) -2, gx)=2, I=[-2,3]

f(x)

g(x) : ¥-2=2 o ¥=4 = X1 =-2, x=2,

x1€1, x2617 I:Il+12’ Il:[_27 2]’ 12:[29 3]

2 3 2
A = A1+A2:f(2—(x2—2))dx+f(x2—2—2)dx=2[(4—x2)dx+
-2 2 0

3
f(x2—4)dx =32,
2

Zi=13
3

+
[SSEIEN

-3

Fig. 4: Die Fliche zwischen der Parabel f(x) = x> —2 und der Geraden g(x) = 2 im Intervall I = [-2, 3]
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Anwendungen der Integralrechnung

L28

f(x) - 2x, gx)=x, [I=1[-1,3]

Jfx)
X1 € Ia xzel’ I:Il+127 Il :[_1’ 0]’ 12:[07 3]

2

g(x) : P-2x=x © x=3x=xx-3)=0 => x =0, xp=3,

0 3 0 3
A = jkﬂn—g@ﬂu+‘[@uyiﬂﬁmxzfQQ—wyu+‘f@x—fnuz
1 0 -1 0

11 9 38
- L2220 63
6727 %

= e s s s s s s s s s s s s === ==

Fig. 5: Die Fliche zwischen der Parabel f(x) = x*> — 2x und der Geraden g(x) = x im Intervall [-1, 3]
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Anwendungen der Integralrechnung

L29

f(x) X% - 2x, gx)y=x+1, I=[-1,2]

2

f(x)

X1 € 1, )QQI, 1211+12, I] :[—1, —0.3],

-0.3 2

A = j}ﬂ@—g@DdX+~f@Uﬁ—ﬂ@ﬂﬁ=
-1

-0.3

= 099+549 (77

f(x2—3x— Ddx +
-1

gx): xXX-2x=x+41 & ¥ -3x-1=0 = x3 =-03, x =233,

I, =[-0.3, 2]

2
f(l +3x—x2)dx:

-0.3

2
V=x -2x

=2

Fig. 6: Die Fliche zwischen der Parabel f(x) = x*> — 2x und der Geraden g(x) = x + 1 im Intervall [—1, 2]
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