Differentialrechnung: Aufgaben
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Ableitungsregeln

1. Erste Ableitung der elementaren Funktionen

C'=0 (C = consi), =n-X""' (neR)
(log,x)) = —— (a>0), (Inx)) == (x>0)
x1Ina
(e%) = e*, (@) = (Ina) - a*
(sinx)" = cos x, (cosx)’ = —sinx
(tanx)" = , (cotx) = —
cos? x sin® x
(arcsin x)’ ! (arccos x)’ !
X = . X - —
V1 — x2 V1 - x2
’r_ [ 1
(arctan x)” = 152 (arccotx) = — o2
(sinh x)" = cosh x, (cosh x)’ = sinh x
(tanh (coth x) = ——
anh x)’ = , coth x)’ = —
cosh® x sinh® x
N , 1
(arsinh x)" = , (arcosh x)" =
x2+1 x2 -1
hx) = ! hx) =
(artanh x)" = -2 (arcoth x)" = -2
2. Ableitungsregeln
Faktorregel: y=C-f(x) (C = const), Yy =C- f(x)
Summenregel: y = fi(x) + fo(x) + ... + fu(x), Y =)+ 0+ .+ fi1(x)
Produktregel: v = u(x) - v(x), Y =u'(x) v(x) + u(x) - v'(x)
. u(x) , () v(x) —u(x) V' (x)
Quotientenregel: y=—, =
v(x) v2(x)
d dy d
Kettenregel: y = F (u(x)), D _Y

y_dx_du dx



Einige Regeln

3. [Einige Regeln

3.1. Rechenregeln mit Potenzen

an am = an+m’ — an—m’ (an)m = anm
am
n n
a a
a" - b"=(a - b, _:(_)
bn b
a 1 1
a =1, a=—, a'= —
a” a™m

3.2. Rechenregeln mit Wurzeln

Wurzeln als Potenzen mit gebrochenen Exponenten

- Ye-Ja-

3.3. Rechenregeln mit Logarithmen

log, (x-y) = log,x + log,y
X

loga (;) = IOgaX - logay

log, (x") = rlog, x

1
log,, Pl —log, x



Einige Regeln

3.4. Trigonometrische Formeln

sina +cos’a = 1

sin (—a) = —sin «, cos (—a) = cos «

. T . T
S @ = COS E—a, COS @ = S E—a

sin @ =sin(r — @), cosa=—cos(mT—a)

sin(2a) = 2sinacosa, cos(2a) = cos’ @ — sin’ @

sin (@ £ 8) = sin @ cos B + cos a sin S, cos (@ +8) = cos acos B F sin asin 3

sin @ +sin 8 = 2 sin (a/;-ﬁ) cos (Q;B), sin @ —sin 8 = 2 cos (a;—ﬁ) sin (%3)
cos a +cos 8 =2 cos (a/;-/i’) Ccos (a;ﬁ)’ cos @ —cos 8= -2 sin (a;ﬁ) sin (a_;ﬁ)

sin a sin B = % [cos(a@ —B) —cos(a+B)], cosacospfB= % [cos (@ — B) + cos (a + B)]

sin @ cos 8 = % [sin (@ — B) + sin (@ + B)]

2 2

1 1
sin QZE (1 —cos 2a), cos QZE (1 + cos 2a)

1 1
sin® @ = 7 (3 sina — sin 3a)), cos® @ = 1 (cos(3a) + 3 cosa)



Aufgaben zur Bestimmung von Ableitungen

4. Aufgaben zur Bestimmung von Ableitungen

4.1. Summenregel

Bestimmen Sie die erste Ableitung folgender Funktionen (a, b, ¢,m,n € R):

Al
Beispiel:
3
fM=2r - 5 =20 -3x7,  f()=23-3-(-x =6 +6x =6 +x)
X
4 3 ;3 x5
a) fx)=3x"-2x"+6, gX)=5-—+—
2 X2
3 4 2 x=3 2x-x°
b) f(x)=;+;—§, (0= R
x" _
¢ fx)=2x"-5x", g(x)zaxm+z—cxm”
A2
Beispiel 1:
1
f = & x+ =25 4 () = x5 4 473
X vx
11 4 11 4 11 4
f’(x) = ?.x%_l_g.x_%_lz?.x%_g.x_%:?.xsx_3x2€/}
Beispiel 2:
4 1/4
Foy) = E_xT b
Jx x5
, I 1 1 1
= —_— 12 = - = —
7 n’ 12x1+% 12x Nx
a) f(x)=x+ Vx, g(x):x-\/}+x-\3/}+x2-\3/;, h(x)=Vx + Vx
1 1 1 1
by [f()=Vx+ —+ , g(X)——
TERERNE N
6 VE R
C) f(x):_’ g(-x) DTk h(-x)_
Vi Vi "



Aufgaben zur Bestimmung von Ableitungen

A3
Beispiel:
f(x) = \/ x\/_— \/x2 Vx-x13 = \/x2 Vi3 = Nx2 . x19 = \/)792—)627
22 » 22 22 22
,( ) = — f_l J— _f = S =
S 27 27" 2%y 27 W
W) f@=xVE g@=yxVE @ = VE VR
b)  f(x)=\x+xVx, g(x)= \x x3 5 h(x)=1/x x2\/_
A4
a) fx)=sinx+tanx+Inx, g(x)=3sinx—Tcosx
b) f(x)=tanx—cotx, g (x) = sinhx + 3 cosh x

A5 Bestimmen Sie die drei ersten Ableitungen folgender Funktionen:
a) f@)=x*+x- Vx+e
b) f(x)=sinx + cosx
¢) f=Inx+¢€*
d) f(x) =sinhx + coshx

o) f=x"+xt+2

4.2. Produktregel

Folgende Funktionen sind unter Verwendung der Produktregel zu differenzieren:
A6

a) fO=x-2)-+1, g@=0-x-1+x
by fM=>0-x-01+x+2%), g®=0-x-1+x)-(1+x

o) f)=0+Vx)-1- V), g(X)=(\/_+7) (1 - V)



Aufgaben zur Bestimmung von Ableitungen

A7
a) fx)=x>Inx, g®=>10+x% Inx
b) f(x)= Vx-cosx, g(x)=x-cotx, h(x)=x>-tanx
) f(x) =+ Vx+e) -sinx

4.3. Quotientenregel

Folgende Funktionen sind unter Verwendung der Quotientenregel zu differenzieren:

A8
a) f(x)zﬁ, g(x)=ﬁ, h(x)=5x3—_1
D oFw=T W= hw=T5
) f(X)=§i;1, g(x>=§§fi, WF?;;
B fO=5 gW= (x>=4x§x_1
e) f<x>=xfi1’ g<x>=§+i’ ”m‘iﬁzfi
A9
a) f(x)=1x_2x, g(X)=1;3xz, h(x)=x;4X3
b) f(x)=x2+;x T g(x)—%’ h(ﬂ:%
D =i ot
O Jeo=TIEEL g2 Bt
£ f(x):ilﬁ, gy = YUV h(x)=ﬁ
- VI+x 1-Vi-x Vi-x
9) f(x):m, g(x)zH—m, h(x)=\/m



Aufgaben zur Bestimmung von Ableitungen

A10

All

Al2

Al3

Al4

Al5

4.4. Kettenregel

Folgende Funktionen sind unter Verwendung der Kettenregel zu differenzieren:

a)  fx)=x-2)"°,
by f(x)=(x*-4),

4
¢) f(X)=(x2—i) :
X

0 f=(Va-a) .
b f()=V2x+6,
O f)=N2x-3)7,

4
f(x)=(x_1) ,

x+3

x+2

f)=

fx)=x-Vx+2,

a) f(x)=sin(3x),

b)  f(x)=cos(-2x),
o) f(x)=sin(Vx),
d)  f(x)=cos(Vx-2),

g(x) = 2x+5)12,

g(x) = (2x° =3x% + 6x)°,

g0 =(Va+3x),
g(x) = Vx3 —2x2 +4x,
g(x) = Vot +5x+ 1)2,

x-2"

g =x2-Vx-1,

g(x) =sin(4x+?2),
g(x) =cos(3x+2),
g(x)=sin(V3x-2),

h(x)=@4x-3)"*

h(x) = (@4x*-3)

3\
g(x):(x3—;) s

hx) = (Vx+2+22 —n2)’
h(x) = Vi3 = 3x
h(x) = \/5x3—1

241 B 43x-2)
8(X)=(x_ ) ) h(x):(T)

sfx—1 x+2
g0 = Vx+1’ h(x) = Y x2 -4
h(x)=(x+2)- Vx2 -4

h(x) = sin (x* — 4)
h(x) = cos(x’ — 4x)
B (x) = sin (V2x + 4)
g(x)=cos (V2 =5x),  h(x)=cos(V3x+ 1)



Aufgaben zur Bestimmung von Ableitungen

Al6

Al7

Al8

A19

A20

A2l

a)
b)

d)

f(x) = +/sin x, g(x) = 4/sin(5x), h(x) = VS sin x, px) = \S/Sin(2x -3)
f(x) = +/cos x, g (x) = y/cos (2x), h(x) = Vcos x, px) = \4/c0s(2x +6)

sin x

1 1
f(x):sin(Sx)’ gx) = m, h(x)=m, p(x)zsin—(xz)
1 1 COS X sin x
f= cos (2x)’ 800 = \eos (3x) h(x) = sin(Bx+ 1)’ P = cos (x2)

a)  f(x)=sin(x®), g =sin’x, hx) =sin’®(x?)

b) f(x)=cos (x4), gx) = cos* x, h(x)= cos* x?

o) f)=sin®(Vx+2), g =+sin(x®)+1, h(x)= Vsin®x+1
d)  f(x)=cos®(V3x-1), g(x) = Veos(x3) -7, h(x) = Vcos*x+ 12

a) f(x) =sin(2x) - sin(2x + m), g (x) = sin(2x) - sin(x + )

b)  f(x)=cosx-cos (x + g) . g(x) =cos(2x) - cos (x + g)

a) fx)= sin® x - cos x, g(x) = sin2(3x) - cos(x + )

b) f(x)=sin(x*)-cos(x?), gx) =sin(x+2)%*,  h(x)=sin(x*+2)

¢)  f()=sin(x*)-cos(x’),  g(x)=sin(Vx)-cos(Vx)

[ =e*, g(x)=e*3, hx) = e p(x) = Y
X X e* P
a) f(x)=x3-e, g()c):x2.327 h(x):F’ p(x)zﬁ
3
by fW=@-D-e', g=02+3)-¢",  h@=x-e", mm:%



Aufgaben zur Bestimmung von Ableitungen

A22

a) f(x)=cos x-e*, g (x) = cos (3x) - €%, h(x) = sin (x%) &*

b)  f(x)=(sin(2x) +cos2x))-e*,  g(x) =M, h(x) = &N

4.4.1. Ableitungen von Logarithmusfunktionen
Regeln: (Inu) = u , ) =¢ée"-u, @) =ad" Ina-u (1)
u

A23

Beispiel 1:
f(x)=Q2x—1)-In(4x + 3), Fx)=Qx-1Y -In(4x+3) + 2x—1)-(In(4x + 3))
W (4x+3) 4

=4 In (4 "=(nu = =
u X + 3, (In(4x +3))" = (In u) 4x + 3 4x + 3

42x-1)
4x+3

ff(x)=2In(4x+3) +

Beispiel 2:
3
2+x

F=In(x+2°=3Imx+2), f(x)=

a) f®=x-lnx, gm=+vVx-lnx, hX)=02+x-2)-Inx

by f(x)=InGx), g®=x-nBx), hXx)=x-InGx+1)

¢ fO=Qx+1)-mQRx+1), gxX=*-1-In(x-1), h@=x"-1)-InGx*-1)
d) fx)=InG*—4x+4), g@)=02x¥-x)-InQ2x*-x, h@x)=x-2)-In(x*-38)

&) fM=Ix+4?, g@=Inx-27°, hx=Inx*+3x-2)>

A24

Beispiel 1: f(x)=In(Yx)=1n (x%) = % In x, f(x) = %

Beispiel 2: f)=n(V2+xn=In ((2+x)%) _ % R R Teres
a)  fx) =V, g(x) =In(Vx), h(x) = In (/%)

by FW=In(+vD, g®=In(Vi+n, h@=In(l+VIitr
o f@=Ih(Vx+ Vl+x), g(x)=In(vVx— Vx—-1)



Aufgaben zur Bestimmung von Ableitungen

A25
o o (sfr=2) (fx=2\) o (x=2y 1
Beispiel 1:  f(x) = ln( x+3)—ln[(x+3)]—3ln(x+3)—3(ln(x 2)—In(x+3))
, _ 1 [ A 5
f@ = 3(x—2 x+3)_3(x—2)(x+3)
oo ( 1 ) 1 ) 1
Beispiel 2: f(x) = In|= =——InO-x)=——I[B-x)B+x)]=
Vo — 2 3 3

= _% [In(3 —x) +In(3 + x)]

_2 X
T 39-42

, 1 1 1
F = 3 [_3—x+3+x

b) f(x)=ln( x), g(x):ln[3i+2], h(x)=ln(5x+2)

+1 x2—4

B 1 B 1+ x B Vx+ Vx+1
S S A = e e
A26
a) f(x)=In (cosx), g(x) =1In (sinx), h(x) = In (tan x)
b)  f(x)=1In(cos3x), gx) =In(sin(2x—5)),  h(x)=In (tan(2x))
o) f=In(cos(V¥), g@=In(sin(V2x=3)),  h(x)=In (tan(Vx +4))
d fx)=In (cos( Vi - 3)), g(¥)=1In (sin(\/xz _ 3x)), h(x) = In (tan( Vit 4))
A27
a) f()=In(veosx), g(x)=In(V2x+sinx), h(x)=In(Vianx)
b) f(x)zln(Scosx), g(x)=1In (V42x+sinx), h(x)=1In (V3tanx)
A28
2 _ 4/
O fW=To g== X = 2
nx Inx
A29
f(x) = % +Inx— me g(x)=xIn(x*),  h(x)=In(sinx)

10



Logarithmische Differentiation

5. Logarithmische Differentiation

Bei manchen Differentiationsaufgaben ist es sinnvoll, die Funktionsgleichung y = f(x) vor dem
Differenzieren zu logarithmieren. Das bietet sich immer dann an, wenn sich die Funktionsgleichung
durch Anwendung der Logarithmengesetze wesentlich vereinfachen ldsst.

A30 Benutzen Sie die Methode der logarithmischen Differentiation, um die Produktregel fiir die Funktion
f(x) =u(x)-v(x) und die Quotientenregel fiir die Funktion f (x) = u(x)/v(x) zu beweisen.

Bestimmen Sie die Ableitungen folgender Funktionen durch Logarithmische Differentiation

A31

A32

A33

A34

Beispiel 1:

3

a) y:5x’ y:34X—2’ y:7x
b) y= X, y= xe
c) yzxe_xz, y=xte™®

a) y=xe ", y=4x e

by y=(+2r,  y=QP+T7)

3
e x(x—4)
‘) y=¢ x+2
a)y=(1—x)2(1+x)4, b)y:(z_x)\/}’ ¢) y= \/}\/}

y:

< =

y =

1—- +x

1+\/}, Iny=In(l - vx)=In(l + Vx)

1 1 R ( [ S W
2Vx 11— vx 2vxl++x  2vx\1-+vx 1+ +vx/
1 2 11

2VE(I- VDA VD Vr(0-9
y 1 1-vx 1 1 1 1

TVi -0 T4 vr vxd-n  Vx(+ yn?
I—x=(10~-vod+ v

11



Logarithmische Differentiation

Beispiel 2:
1
/(x+2)3(x—1)_ x+2°3x-D)\?
y = x2+1 - x2+1
1 2P (x -1 1
Iny = Eln(%):i(1n(x+2)3+ln(x—1)—ln(x2+1)):
1
= E(31n(x+2)+1n(x—1)—1n(x2+1))
, y o1 3 1 2x
1 = —_ = = —
(In'y) y 2(x+2+x—1 X%+ 1
;oY (.3 N I 2x )\
YT a\v 2Tt e+1)”
_ (3 N 1 2 [(x+2)3(x=1)
o2 \x+2 x—-1 X241 22+ 1
Aufgabe:
x—1 x+2 x-1Dx-2) x+2
= b = = d =
D= T VY= VY= TR d) VY=
A35
k x t
@ y=6inn’, b y=3eeosni, o y=oF

10



Ableitungsregeln: Losungen

6. Ableitungsregeln: Losungen

6.1. Summenregel
L1
a) f=34-2+6, f(x)=12x —6x7
25 10
g(x)=5x3—%+;, (g”(JC)=15)62—)c—x—3
3 4 2 , 3 8 6
b) f(x)=)—c+;—x—3, f(x)=—;—x—3+g
()_x—3+2x—x3_1 11 ,()_1 2,3
§W="3 * 0 x x2 K3 EW =T8T
&) f)=2x"-5x", fx)=2mx""—5nx""!
n
g(x):ax’"+%—cx’"_”, g’(x):amx’"_l+gx”_]+c(n—m)xm_”_l
L2
) F@=xt VT =14 —
a X)=Xx X, x) = -
2 Vx
g(x):x-\/}+x-\3/}+x2-\3/;:x3/2+x4/3+x8/3,
pon_ 3 4 s 8 55 3 4 8 i3
g(x)—zx +3x +3x _2\/}+3\/}+3x X
h(x)=x + VYx=x' + x5 W (x) = L, 1t L 1
| 38 T 5R T aNE s
1 1 3
b = X2y V24 B2 ooy — B B
) () =x x x f () i 2xvi 22vh
) 1 N 1 N 1 1 1 1
X) = —= = — _ R
§ GOUE Eve B en T
o 1 3 5 1 3 5
X) = — - — = — — _
CTTEAR TSR TG T R a6 Ve
X o 1 1
Y amn FoN
g(x)_“_\/)_c X > 8(X)—m
x-Vx 1
h(x X, W (x) =
(x) 7 G Vx (x) T

1R



Ableitungsregeln: Losungen

L3

L4

L5

a)

b)

c)

d)

e)

3 3
a) [ =xVx=x"", f'(x):4x1/4: J

[ 2 2
_ 3 2/3 , _ _
g(x) = AJxVx=x"", g(x)—3xl/3 ——3%

By

3 4 , 1 1
heo = NV VR =0 W=305 = 33

, 7 7
b f0)=\xyx VE=aTE, f'0 =508 = 5
g(x) = \/x\jx3\/;:x15/8, g’(x):gxmg:%\g/ﬁ

_ 3 4 _ 7/8 ’ _ 7 _ 7
h(x) = \[x yJx? Vx = x"7, h(X)—le/S—S%

1
a) f(x)=sinx+tanx+Inx, f/(x)=cosx+1+tan®x + =
x
g(x)=3sinx—"7cosx, g (x) =3cosx+7sinx
, 1
b) f(x)=tanx—cotx, )= 5
sin” x - cos? x
g (x) = sinhx + 3 cosh x, g’ (x) = coshx + 3sinh x

3
f)=xt+x7+ e, f’(x)=4x3+§\/}+ex

X

' (x) = 12x2+ﬁc +e,  f"(x)=24x - sam e
f(x) =sinx + cos x, f(x) = cosx —sinx

f"(x) = —sinx —cos x, f" (x) = —cos x + sinx
f(x)=Inx+e", f'(x):§+ex

N (T
f(x) = sinhx + coshx, f(x)=f"(x)=f" (x) = sinhx + coshx

fFO=xX"+x+x3, @O =nh-Dn-2)F +24x+6

14



Ableitungsregeln: Losungen

6.2. Produktregel

L6
a) fO)=x=-2)-*+1),  f(x)=1-4x+3x
g=>01-x-0+x)=1-x>, g x)=-2x
by fx)=(1-x-1+x*+2x), f(x)=-1+2x+3x>-8x
g =0-0-0+x)-A+x)=(1-)-(I+)=1-x" g x)=-4°
o f@W=>0+vVx) -1-+Vx)=1-x, flx)=-1
1 I
g(x)—(ﬁ+$)-(l—\/7c), g (x)= 1+2«/} Y
L7
a) fx)=x*-Inx, f(x)=2xInx+x
2
g(x)=(1+x*Inx, g’(x):2xlnx+1+x
, _cosx o
by f(x)= Vx -cosx, f(x)—z\/} X -sinx
g(x)=x-cotx, g’(x):cotx—x(l+cot2x):cotx—x—xcot2x
h(x) = x*-tanx, I (x) =2xtanx + x> (1 + tan® x),

&) f() =+ Vx+e) -sinx,

1
f(x) = (3x2+ 2—\/}+ex) -sinx + (x3+ \/}+ex) - Ccos x

15



Ableitungsregeln: Losungen

L8

6.3. Quotientenregel

a)

b)

c)

d)

e)

1 o1
fW=1g W=
1 o 1
sW= S0y
Lo 15
=51 WGy
x—1 -
fW=1g S0
x+1 b 2
sW=1T7 fW=-
x+2 , _ 4
h(x)=x_2, () (x —2)?
2x -1 ,
W=7 T Eay
2+ 1 L4
sW=3 7 fW=-5y
R S ||
"= PO E
X )N P +1
fW=gg S W=y
by , X -1
sW=57 ="y
. 3x , 3(4x* + 1)
ho=1a-7 PW="ga73
2 x-1+1 1 oo 2x
TO=o =21 e Ty
P+l xP-1+2 2 b 4x
$W=F T e S taor fWET Iy
3%+l 130 -242+1 3 7 1
hMO=094T2 T 22 T2taie-y
, _ Tx
W == 5o

16



Ableitungsregeln: Losungen

L9
0 fw=3 pw=t2ol 2
h(x):x;*xa’ h’(x):xzxf:é_%W’(x)

Die Ableitungen f’(x), g’(x) und /’(x) kann man auch mit Hilfe der Summenregel bestimmen,
indem man die Funktionen f(x), g(x) und A(x) entsprechend darstellt:

11 11 11
fW=5-=-, gW=5--, h=5--=8¢k
X X X X X X
~ 1 Lo 2x+D)
boIW=amT W Ty
) = 3x+1 ,()__3x2+2x+5
I Py Y PN P |
x> +3x+5 yon 5x2+8x+13
e vy Y P Py 2
X+ 2x+l (x+ D x+1 o 2
O I T T e o1 T Ty
)_x2+4x+4_ (x+2? x+2 ) = 4
= T T GG a2 SWTTGTon
4+ 12x+9  (2x+3)2 2x+3 o 12
M= 58 g C(2x-3)2x+3) 2x-3’ h(x)__(zx—3)2
X -6x+9  (x-3?  (x-3%  x-3 Lo 3
A e TR Y P Sl Y Py et Sl g R Al g v
()_x2+2x+1_x2+2x+1_ x+1D*  x+1
T e Ty T 2 (@-1) 2x(x-Dx+ D) 2x(x—1)
,()__lx2+2x—1
EE Ty 2 G- 1
X+ 2x+ 1 (x+ D21 o 1
) JOETT Tary o xe I
()_2x2—8x+8_2(x—2)2_ 2 ‘o = - 2
EWETGoyy T am2p x-20 8T T Goop

17



Ableitungsregeln: Losungen

L10

6.4.

1-x S 1
f) f<x)_1+«/}’ f)= N
g(x):M g'(x)=;
l-x 7 2 Vx (1= V)2
B 1—x pon_ . 1+24x+x 1
N T A A P TT Sy
1-Vi+x oy _ 1
8 f(x)_ﬁ’ Fe= Vitx(d+ Vita?
="V - 1
T Vi S T VTaa+ Vi
V1 —-x 3
h = . h/ = —
) V2 +x 0 2 V1 —x(2+x)3/?2
Kettenregel
a)  f)=(x-2°, f)=6(x-2)°
g(x) = 2x+ 512, g (x) =242x+ 5"
16
h(x) = @dx-3)"*, W (x) = - o3
by f)=x"-4), () =10x(* -4
g(x) = (2x° = 3x% +6x)°, g @) =542 -32+6x0) (2 -x+1)
_ , 24 (4 V24 2
h(x) = (4x72 = 3)3, h(x):—F(;—s) :—F(3x2—4)

c)

4 3
f(x)=(x2—i) : f’(x)=4(x2—‘—‘) (2x+iz)=§5(x3—4)3(x3+2)
X X X X

7 6
g(x):(x3—%) , g'(x):7(x3—%) -(3x2+%)=%(x5—3)6-(x5+2)
X X X X

2 4\
h(x)z(xz————3)
X X
2 4\’ 2 12\ 6
’ _ 2 _ 5 2 2 5 2
h(X)—?)(X —;—;) '(2X+;+F)—W(X - 2x —4) '(X + X +6)

1R



Ableitungsregeln: Losungen

L1l
& f=(Vi-x) f’(x):6(\/}—x)5-( ! _1)
: v
g = (V5 +3x) g'<x>=3(x1/3+3x)2.(L+3):3(e/;+3x)2.(;+3)
’ 32203 3Vx2
3 4 , 3 1
h) =(Vx+2+2%-n2) ., W () =4((x+2"7+22* - n2) -(wa)
1
b = 2 6, / =
) ()= V2x+ 1 (x) o
g(x) = Vx3 —2x% +4x, g’(x):lw
2 Vi3 -2x2+4x
3 , -1
h(x) = Vx3 - 3x, h (x):m

) fx)=VQ2x-3)3, ff(x)=3V2x-3
3 , 2 4x*+5
g(x) = VO +5x + 1)2, g (x) =

3 (4 +5x+ )3
5 , 3 x2
ho) =V =1, WO =55

L12
x—1\* , (x— 1)
f(X)=(m) , f(x):16.m
g(x)=();2_+31)5’ g’(x)zs.(x2+1);(_x;;6x—1)
h(x) = (’63;'1—2_2)7 (=14 () +3x - i)i i))c: +6x2+7)
L13
(=T g'(x):5<x2+1>2'(§i)4/5
"= ;;—24:\/;—_2 h,(x):_zu—lz)r/z

10



Ableitungsregeln: Losungen

L14
fW=x-Vx+2, @@= +%«/)%:%3v);+742
g =2 Va7, g’(x):zx.i/ﬁ+%.3(xxi7)2:;(i(ic7—)26/)3
h@ = x+2)- V2 -4, h’(x):\/m+)i/(%

L15

a) f(x)=sinBx),  f'(x)=3cos(3x)
g(x)=sin(4x+2), g (x) =4 cos(4x+2)
h(x)=sin(x* —4), I (x)=2x cos(x* —4)

b)  f(x) =cos(—2x) = cos(2x), f(x) = =2 sin (2x)
g(x) = cos(3x+2), g (x) = -3sin(3x +2)

h(x) =cos(x> —4x), I (x) = (4—3x?) sin(x’ — 4x)

O f0)=sin(VR), f'<x>="°s(‘f)

Cco

\/_
g(x) = sin(V3x—2), g’(x)-% co
h(x) = sin(V2x + 4), h'(x)_g

1

s(\/3x 2)
V3x—
V X+
\/(2x+
d _ 7). , _ sin ( Vx
) f(x)=cos(Vx-2) J (x) V7

2
- Vx2 - 5x)
—cos(VE =50, g (n=—r. FET)sin
g(x) =cos(Vx X) g (%) 3 ——
5 , 3 sin V3x+ 1
h(x) =cos(V3x+1), h (x) = =3 m

20



Ableitungsregeln: Losungen

L16
a)  f(x) = sinx, f%m=2“z:x
- , 5 cos(5x)
= 5 -2
g (x) = /sin(5x), g (x) PINETYEN)

CcOoS X 1 cos x

5— |
h(x) = Vsinx, h(x) = 3 sin 05 =37

sin* x

p(x) = sinRx-3), p(x) 2 _cos(x-3) _ 2 cos(2x-3)

T 5 (sin@x-3)*5 5 i/m

;N Sinx
by f(x)=+«cosx, f(x)= > Voos s
, sin (2x)
= 2 = —
g(x) = ycos(2x), g (%) Voos (20
1 sinx 1 sin x

4 ’ — —
h(x): VCOSs X, h(X)——ZW——Zm

4 , __l sin (2x + 6) __l sin (2x + 6)
PLO= T P07 ) Cosr+ 6007 2 Joorzr 1 6)

B 1 , _ 5 cos(5x)
O IO GEy T ey
) = 1 () = — § cos(5x) _§ cos (5x)
B R I e
3 sin x , . cosx B 5 sin x - cos (5x + 2)
ey e S ey sin (5x + 2)
_ , _ . Cos (x?)
PGy PWETR s
B , _ 2sin(2x)
D T0=mm YT s
() = 1 ' (x) = E sin(3x) § sin (3x)
T Vs FY T 2os G0y T 2 oo )
. cosx , _ sin x _ 3 cos x-cos(3x+1)
hD=Gnern’ " T @G D S 3x + 1)
() = sin x () = cos x 2x - sin x - sin (x?)
P = Cos x?)’ P = os (x2) cos? (x2)

71



Ableitungsregeln: Losungen

L17
a)  f@)=sin(x®), [ (x)=3x*cos(x)
g(x) =sin’ x, g (x) =3 cos x-sin® x
h(x) =sin® (), B (x) = 6x-cos (x?) - sin® (x?)
b) f(x)=cos(x*),  f(x)=—-4x sin(xh
g(x) = cos* x, g (x) = —4sin x - cos® x
h(x) = cos* (x?), I (x) = —8x - sin (x?) - cos® (x)
O fo= Sinz( s 5. £ () = sin (Vx + 2)x.-(|:-023(\/x +2)
. - cos (x%)
(x) = \sin(x) + 1, () = S8
o e & Vsin (x2) + 1
. 2 .
h)= Vsimx+1, W (x=2Smx-cosx
2 Vsindx+1
O fo=cot (Vo D,  f0)=-2 Sin<V3x—;l-_cc;s<«/3x— D
3 x?-sin(x%)
— 3\ _ ’ _ _ -
g (x) = yceos(x’) =17, g x)= 2—\/m
2cos’ x - sin x
h(x) =V 4 x+12, W)= ——
“ o o Veos* x + 12
L18

a) f(x)=sin(2x) - sin2x +m) = — sin2(2x), f’ (x) = —4sin(2x) - cos(2x) = —2 sin(4x)
g (x) = sin(2x) - sin(x + ) = —sin(2x) - sin x,

g (x) = —2cos(2x) - sin x — sin(2x) - cos x

1
by fx)= cosx-cos(x+ g) = —Ccosx-Sinx = -3 sin(2x),
£’ (x) = —cos(2x) = sin® x — cos® x

g (x) = cos(2x) - cos (x + g) = —cos(2x) - sin x,

g (x) =2 sin(2x) - sinx — cos(2x) cos x

M



Ableitungsregeln: Losungen

L19
a)
b)
€)

L20

L21

2

f(x) =sin” x - cos x, £’ (x) =2 sinx - cos®

3 x = sinx (2 cos® x — sin’ x)

X — sin
g(x) = sin2(3x) -cos(x+m) =— sin2(3x) - COS X,
g’ (x¥) = —65in(3x) - cos x - cos(3x) + sin?(3x) - sinx

= sin(3x) - (sinx - sin(3x) — 6 cos x - cos(3x))
f@) =sin(?)-cos (), f(x)=2x (2 cos’ () - 1)

g (x) = sin((x +2)?), g (%) =2(x+2) cos ((x +2)%)
h(x)=sin(x>+2), I (x)=2xcos(x*+2)

f(x) =sin(x®) -cos(x*),  f'(x)=2xcos(x?)-cos(x}) — 3x% sin(x?) - sin (x*)
e ‘ , o1 5 . _ cos(2+x)
80 =sin (V) -cos(Vx). /(1) = 5= (eos’(Vi) = sin*(Vi) = =72

fx)=e*, f(x)=2e*
g(x) — er—3 , g/ (x) — 262x—3
h(x) = e W(x) =2 =2x) e =2(1 — x)e X

4 4
2x—x2+ = 2x—x2+ =

px)=e P =2(1-x+x)e

a) f)=x-¢,  fFR)=x*G+1x)

g(x)=xz'€2x, g'(x)=2xe2x(l+x)
e* e* 1 & e~ 1
= — 4 - — = = =— |1 - —
p(x) N P (%) I \/}( Zx)

by fx)=(x-1-€, fx)=x-¢
g =2+3)-¢", g =0*+2x+3)-¢€"

h)=xt-e", KH@=2x-¢e" (1+1)
x3 , ¥ (B-x
=1, pu=2CY
e e

9)e3



Ableitungsregeln: Losungen

L22

L23

6.4.1.

a) f(x)=cos x-e",

g (x) = cos (3x) - €%,

h(x) = sin(x%) e*,

b)  f(x) = (sin(2x) + cos (2x)) - ",

sin x
b

gx)=e

h (x) — esin(Zx) ,

f'(x) = e"(cos x —sin x)
g (%) = €** (2 cos (3x) — 3 sin (3x))

I (x) = € (2x - cos (x?) + sin (x%))

gx)=cosx-e

sin x

f'(x) = " (3 cos (2x) — sin (2x))

I (x) =2 cos (2x) - €Y

Ableitungen von Logarithmus- und Exponentialfunktionen

a)

b)

d)

fx)=x-Inx, ff(x)=1+Inx

1

g = Vx-lnx, g=—72+

h(x)=(*>+x-2)-Inx,

Vx

1
f(x) =1In(5x), f'(X)=;
g(x)=x-In(3x), g (x)=InGx) + 1

h(x)=x-In(Bx+1),

X =2x+1)-In2x+1),

Inx B 2+Inx

2Vx  2+4x

2
H(x)=x+1-=+1+2x)-Inx
X

K (x)=In(Bx+1) +

g) = -1D-In(x-1),

hx) =% =1 -In(x* -1,

f(x)=In(x* —4x +4),

gx) = (2x2 —x)-In (2x2 -X),

h(x) = (x=2)-In(x> -8),

3(x—-2)x%
x3_

W(x) = In(>-8) +

f=Inx+4?*, f(x)=

g(x)=ln(x-2°, ¢w=

h(x) =In(x* +3x-2)%,

X
3x +

1

Fx)=2+2In@x+1)=2[1+InQ2x+ ]

gx)=2xIn(x-1)+x+1
W) =2xIn(?=1) + 2x=2x[In(x* = 1) + 1]

[ =

n

X+
5
x—2

K (x) =

24

2x—4

2

2 _4x+4  x-2

3(2x +3)

xX2+3x-2

=In(x*-8) +

g () =@x-1)In@x"-x) + 4x—1

32

X2 +2x+4



Ableitungsregeln: Losungen

L24

b)

c)

! 1
f(X)=ln(\/}):§lnx, f'(x):z_
X

3 1 , 1
g(X)ZIH(W)Zglnx, g(x):3_
X

h(x)zln(\"/})=%lnx, h’(x)=i

nx

1

f@=In(1+ Vx), f(x):m

1
gx)=In(Vl+x), g’(x)zm

h()=In(1+ Vi+x, K@= !

2VI+x(1+ V1+x)

1 + 1
2vx o 2+1+x _

1

fO=h(Vx+Vi+x, fx)=

1

Cn(VE- VitD), g
g®)=In(vVx- Vx-1) g'(x) ViVt

75
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Ableitungsregeln: Losungen

L25

a)

b)

c)

by , o 1
f(x)zln(xﬂ)’ Fo=070

x+2 b 1
g”):ln(m)’ e S T TPTE)
h = [252) 21 2 ) () cmt —mr—2) = — -2
(X)—l'l x2_4)—nm—n x_z—n —n(x— )——H(X—)
h,(X):—TZ

x+1

f(x)=ln( X ): ln( X )=%(lnx—ln(x+l))

1 1) 1
x x+1) 2x(x+1)

3X+2 , _ 1
s S W T G

5(x=-2)

h(x)zln(5x+2), () = — —

, X
F(x)=1n m) =
()_(1+\/}) () = 1 +l L++x 1
S VY R N R R R R R TR
x+ Vx+1 , I vx—-14+ vx+1
hoo=| 2 =
N 2 Vi I Vil

276



Ableitungsregeln: Losungen

L26
O f@=In(osy), f(x)= ¥
COS Xx
g =In(sinx), g (x)=—x,
Sin x
2
W) =1In (any), KB ()= @rx 1
tan x SIN X COS X
b f@=In(osGr). f ()= —35:((33;),
. ) 2cos(2x 5
g =InGin@x-5), g )= %
B .o 242t (Qx) 2
h()=In (an@2x), K00 = — o ™ = Sn @) cos )
, 1 sin(y®)
O f@=In(cos(¥D). [0 =7 =T

cos(V2x—3)
V2x =3 -sin(V2x=3)
1
2 Vx + 4 cos(Vx + 4)sin(Vx +4)
X sin(\/x2 —3)
Vx2—3'cos(\/x2—3),
1 2x-3) cos(\/x2 - 3x)

£ =i (in(V2-30). W= Vi 3x-sin(ViZ —31)

, B X
h = In ftan(V2 ). 0 = Vi + 4 cos (V2 +4) - sin (Va2 + 4)

g(x)=1In (sin (V2x — 3)), g (x)=

h(x)=In (an(Vx+4)), K ()=

d) f()=In (cos(\/x2—3)), Fo)=—

27



Logarithmische Differentiation

L27
1 1 si
a) f(x):ln(\/cosx)z—1n(cosx), )= —= Slnx,
2 2 cosx
1 12
g()=In(Vix+sinx)= > In Qx+sinn), g (xX)= 5ot
2 2 2x +sinx
1 1
h(x)=1In (\/tanx) = — In (tanx), W(x) = ——
2 2 sinx cos x
3 1 , 1 sinx
b) f(x)=ln(‘cosx):—ln(cosx), ff(x)=-= ,
3 3 cosx
1 12
g()=In (V2x+sin®) = 1 In Qx+sing), g (0) =1t
4 4 2x + sinx
1 1 (tanx) 1 1
h(x)=1In (Vi =-In(tanx), K (x)== == =
(x) n( anx) 3 n (tan x) (x) R T .
1 cosx B 2
~ 3sinxcos?x 3sinxcosx 3 sin(2x)’
L28
X , 1 1
a) f(x)_F’ f(x)—lnx—E
2
x-—3x , 2x -3 x-3
g =———, ) ==— - .,
Vx +2 ’ 1 Vx +2
h(x) = , h(x) = - >
Inx 2Vx+2Inx xlIn’x
L29
1 1 -2 1
F@==+x-—, =TT
X X X
g =xIn(x?), g x) =2x1+In(x?)
h(x)=In(sin x), K ()= 2%~ cot x
si
7. Logarithmische Differentiation
L30
4 u/ vl
F) = ulx)-vx), Inf=Inu+lInv, — = — 4 —
u %
o= f(u—+v—)=uv(u—+—):u’v+vu
u v u %
fx) = M(X), Inf=Inu-Inv, L:u__v_
v (x) f u v
, M, V, M, V’ I/t’ MV, M’V — V,M
7= f(___): (___):___2:—2
u v u v Y "

7R



Logarithmische Differentiation

L31
a)  y=5% Yy =55 y=3"7  y=4.3%"In3
y=7x3, y =327 In7
X ’ X 1
by y=x°, Iny=e¢e"In x, y=xe[-+Inx
X
y=xe, Iny=1In x+¢e%, y =e (1+xe)
) y=xe_x2, Iny=1In (xe_x2)=ln x—x°
| 1
Yoo _ 21, Y = xe™ (_ - Zx) = e (1-20)
y x X
y=xte™, Yy =xe*2-x)
L32
a) y=xe ", Iny=1Inx-—x, vV =e"(1-x

3
y=4xre¢™, Iny=In4+3lnx—x, y =4 (——1)

I
by y=@+2F, Iny=-In(x+2)=x"'In(x+2)
X

, vf 1 1
V' = (x+2)3 ( 2z In(x+2) + x(x+2))

1
y=Q2+Dy,  Iny=-In*+7)=x" > +7)
X

y—(2x +7)x (—; In(2x +7)+m)

3 —4 3 -4
o) y:/%, Iny=lIn (exz%)=x2+3lnx+ln(x—4)—1n(x+2)
’ 3 1 1 S(x-4 3 1 1
MR P - , y’=e"2m 2x + — -
y x x—4 x+2 x+2 x x—-4 x+2

270



Logarithmische Differentiation

L33

L34

b)

c)

d)

By y=@2-0Y, Iny=+Vxhn@-x), %:Lln(z—x)—‘/)_c

a) y=(0-x*0+x* Iny=2hl-x)+4In(+x), y__ 2 4
y l-x 1+x
y’:(1—x)2(1+x)4(i—i):2(1—x)(1+x)3(1—3x)
1+x 1-x

24/x 2-x

SN, (R ST £
y=2-x (2\/)_Cln(2 X) 2—x)

1
y=vx¥, Iny=+vxln Vx= \ﬁcmxéziﬁlnx

©1 (1 v i
}Lz—(—lnx+1), y = Vx (—lnx+1)= v (—lnx+1)
y o 24/x\2 2+/x \2 2 2

x—1 y 1 1

, Iny=1 -1-1 1), = -
x+1 ny=h@-DH-lnG+1) y x—-1 x+1

Cox-1( 1 1 2
y:

y:

x+1 =1 x+1 :(x+1)2
x+2 y 1 1
= Iny=1 2)—In(x-2 - = -
Y=o ny=In(x+2)-In(x-2), YT xr2 a2
,  x+2 1 1y 4
Y ey 2 \vr2 x-2/7 (x —2)2
x-Dx=-2)
=— - Iny=In(x-1)+In(x-2)-1 3) -1 4
y i3t d) ny=In(x—-1)+In(x-2)-In(x+3)—-In(x+4)
y 1 N 1 1 1 ,  (x-Dx-2) 1 N 1 1 1
y x—1 x-2 x+3 x+4 Y T G )+ h \x—1 " x—2 x+3 x+4
x+2 1 y o1 1 1
= Iny==1( 2)—In(x-2 — == -
yENyop my=gUntead=inGe=2). T 2(x+2 x—2)
, 1 [x+2 1 ) 2Vx-2
Y2 Nx—2\x+2 x-2)° Vi+2-(x=2)2

20)



Logarithmische Differentiation

L35
a) y = (sin x)x3, Iny=xIn(sinx)
Y ol msinn) + 0 SF = (sinn® (3x2 In (sin x) + x° Cf’”)
y sin x sin x
b) y:3x(cosx)%, Iny=In3+1In x+§ln(cosx)

(1 1 3 (2
y =3x(cosx)? |-+ = ln(cosx)—f tanx| = = x(cosx)2 |- +In(cosx) — x tan x
x 2 2 2 X

tan x
c) y= , In y =In(tanx) — x
e.x
! 1 tan x 1
y—=——1, y= —1)=e" — tan x
y  cos?x tanx e* \cos?x tanx cos? x

21



